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Induced potential of a dust particle in a collisional radio-frequency sheath
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A hydrodynamic model is established to study the interactions of a dust particle with a radio-frequency~rf!
sheath, taking into account the influence of the spatial inhomogeneity of the~rf! sheath, as well as the influence
of the ion-neutral collisions. Numerical results are obtained for the charge on the dust particle and for the
spatial distribution of the induced potential around this particle, based on a self-consistent modeling of the
sheath parameters such as the sheath electric field, the ion velocity, and the ion and electron densities. The
induced potential exhibits the familiar oscillatory structure of a wake potential, which is, however, strongly
damped due to the collisional effects. The spatial inhomogeneity of the rf sheath gives rise to a further damping
of the induced potential, as well as to a reduction of the oscillations at large distances from the dust particle.
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I. INTRODUCTION

It has been observed in a series of experiments@1–4# that
the highly charged dust particles in the radio-frequency~rf!
plasma sheath assemble themselves into ordered Cou
crystal structures such as the body-centered-cubic, f
centered-cubic, and simple hexagonal structures. Those
periments have stimulated extensive studies of many in
esting phenomena in dusty plasmas and the related fi
such as the phase transitions@5–7# of the dust crystals, wave
propagations in the dust crystals@8–12#, the charging pro-
cess of a dust particle@13–17#, and the nonlinear interaction
between the charged microparticles and rf sheaths@18–21#.
Furthermore, it is believed that the plasma crystals may p
vide a unique model system where the phase transitions
the lattice defects could be observed by means of v
simple devices, or even by naked eyes, owing to its
response property and an easy observability.

The precise mechanism of the dust crystal formation
still an open question, although it has been studied ex
sively, both theoretically and experimentally@22–39#, during
the past several years. The trouble lies in the explanatio
the interactions among the alike charged particles; name
is well known that, in a typical experiment with the plasm
crystal, the dust particles immersed in the plasma sheath
lect thousands of electrons on their surfaces. So, one
expect that the Coulomb repulsions among these negati
charged particles will be very strong. Nevertheless, the
dered structures observed in the dust crystals, especially
alignments of the particles in the direction perpendicular
the electrode, indicate that there must exist some attrac
interactions among those particles. By now, several theo
ical models have been proposed to explain such kind of
teractions among the dust particles. In particular, the the
of the wake potential@22–31#, which is based on the collec
tive effects in a plasma with the ion flow in the directio
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perpendicular to the electrode, can provide a qualitative
planation for the formation of vertical arrangements in t
dust crystal; namely, it has been demonstrated that, due to
ion flows, an oscillatory wake potential appears ‘‘behind’’
static test dust particle, so that the other dust particles ma
trapped in the potential minima. Such an attraction amo
the highly charged dust particles can overcome the Coulo
repulsion and may provide the mechanism for the dust c
tal formation. For example, numerical simulations@28# based
on the wake theory have successfully reproduced the res
of the experiments@32,33# in which the vertically aligned
dust particles were manipulated by the laser tweezers, rev
ing some kind of an asymmetry in the attractive interactio
among the particles.

It appears that all theoretical studies of the wake poten
to date have used the common assumptions that the
particles are placed in a homogeneous background pla
with a constant ion flow and a zero electric field, while n
glecting the collisional effects between the ions and neu
particles. In typical experimental conditions@1–6,18–20#,
however, it is well known that the dust particles often levita
near the boundary of the sheath regions, where the ion d
sity and the electron density are inhomogeneous, the sh
electric field is not zero, and the ion velocity also increas
due to the acceleration in the sheath electric field. Thus,
expects that the spatial inhomogeneities of the rf sheath
exert a great influence on the wake potential. In addition,
discharge pressures in the experiments with the dust cry
range typically from several Pa to about 100 Pa. In that ca
the ion-neutral collisional effects in the sheath will be s
nificant and may give rise to a spatial damping of the wa
potential.

In this paper, we present a model of the wake potent
taking into account both the spatial inhomogeneity of t
sheath and the ion-neutral collisional effects. In Sec. II
self-consistent model of the rf sheath field is described
collisional ion dynamics, which gives the time-averag
sheath field, the charge densities, and the ion velocity. Ba
on such sheath model, we determine in Sec. III the cha
©2003 The American Physical Society10-1
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and the levitating position of the dust particle in the shea
In Sec. IV, we use the linear hydrodynamic equations to
rive a general expression of the wake potential for the d
particle levitating in the inhomogeneous sheath. Finally,
give a short summary in Sec. V.

II. SHEATH MODEL

We consider that a rf-bias power is applied to a flat el
trode inside a plasma, so that a rf sheath is formed near
electrode surface, allowing us to adopt a one-dimensio
configuration along thez axis oriented into the plasma, wit
the electrode placed atz50. Since the rf is much larger tha
the ion plasma frequency, we can neglect all time-depend
terms in the ion fluid equations. On the other hand, the
fects of the ion-neutral collisions on the rf sheath dynam
should be considered, since the experiments@1–6,18–20#
have been performed at quite high pressures. Therefore
spatiotemporal variations of the quantities, such as the
densityni0(z,t), the ion drift velocityui0(z,t), the electric
field E0(z,t), and the potentialF0(z,t), are determined by
the ion continuity equation@41#

d~ni0ui0!

dz
50, ~1!

the ion momentum balance

miui0

dui0

dz
5eE02

pmi

2l i
ui0

2 , ~2!

and the field equations

dE0

dz
54pe~ni02ne0!,

dF0

dz
52E0 , ~3!

wheremi ande are the ion mass and the elementary char
respectively. The second term on the right-hand side of
~2! comes from the charge-exchange collisions, withl i be-
ing the mean collisional free path@42#. In Eq. ~3!, ne0 is the
electron density, given by the Boltzmann relation

ne0~z,t !5n0 expS eF0~z,t !

Te
D , ~4!

wheren0 is the plasma density andTe is the electron tem-
perature.

In order to solve Eqs.~1!–~4!, appropriate boundary con
ditions at the plasma-sheath interface must be chosen. C
pared to the direct-current sheath, the rf sheath bound
conditions are quite complex and the boundary may oscil
in a rf cycle. Thus, we assume that at the plasma-sh
boundary, placed atz5ds(t), the ion density should be equa
to the electron density,ni0(ds ,t)5ne0(ds ,t)5n0 . In addi-
tion, we also assume that the ions enter the sheath wi
velocity equal to u05uB(11plD /l i)

21/2, where uB
01641
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5(Te /mi)
1/2 is the Bohm velocity andlD5(Te/4pn0e2)1/2

is the electron Debye length in the bulk plasma. Finally,
assume that the potential at the sheath edge is approxim
0, F0(ds ,t)50, and takes the value of the potential at t
electrode (z50) to beF0(0,t)5Ve(t), whereVe(t) is the
instantaneous potential drop across the sheath.

In order to determine, in a self-consistent manner, the
lationship between the instantaneous voltageVe(t) and the
instantaneous sheath thicknessds(t), we adopt the approach
developed by Edelberg and Aydil@41#, based on the follow-
ing current-balance equation at the electrode of areaA:

AFeui~0,t !ni~0,t !2
euen0

4
expS eVe~ t !

kBTe
D2

«0

ds~ t !

dVe~ t !

dt G
5I maxsin~2p f t !. ~5!

Here, the first two terms on the left-hand side are the
current and the electron current incident on the electro
respectively, the third term is the capacitive displacem
current due to temporal variation of the voltage at the el
trode, whereas the term on the right-hand side is the app
rf-bias current with the amplitudeI max and the frequencyf.

Note that, in Eq.~5!, ue5A8Te /pme is the mean velocity of
an electron with massme . Equations~1!–~5! can be solved
numerically by means of the fourth-order Runge-Ku
method. The solution procedure requires an initial guess
ds(t), which allows numerical integration of Eq.~5! to ob-
tain the potential dropVe(t). Using the above boundary con
ditions, then Eqs.~1!–~4! are integrated over the interva
@0,Ve(t)#, which gives a new value fords(t). Such an itera-
tive procedure is repeated until the time-dependent solut
converge to a self-consistent periodic steady state. Note
the relation between the rf-bias current amplitudeI max and
the average rf bias power to the electrode is given by

^Pr f &5
1

tE0

t

dt Imaxsin~2p f t ! Ve~ t !, ~6!

where t51/f is the rf period. Thus, by solving the abov
equations numerically, we first obtain the instantaneous s
tial distributions of the ion densityni0(z,t), the electron den-
sity ne0(z,t), the ion velocity ui0(z,t), the electric field
E0(z,t), and the potentialF0(z,t) in the sheath, and then
perform the time averaging, indicated in Eq.~6!, in order to
obtain the corresponding equilibrium quantities, i.e.,ni0(z)
5^ni0(z,t)&, ne0(z)5^ne0(z,t)&, and ui0(z)5^ui0(z,t)&,
F0(z)5^F0(z,t)&, E0(z)5^E0(z,t)&.

In the following calculations, we take an argon dischar
as an example, with the plasma densityn0513109 cm23,
the electron temperatureTe53.0 eV, the rf power 2.0 W,
and the discharge pressurep ranging from 10 Pa to 50, a
typical parameters used in such kind of experiments. Th
Figs. 1~a!–~c! show the spatial variations of the average ele
tric field, the average ion and electron densities, and the
erage ion velocity in the sheath, for several discharge p
sures. We notice from the figures that, for a given discha
pressure, both the intensity of the sheath field and the
velocity increase with increasing distance from the plas
0-2
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boundary, while, in the same time, the ion and the elect
densities decrease. In addition, one can see that, with incr
ing discharge pressures, the sheath thickness is reduced

FIG. 1. The dependence of the sheath quantities on the per
dicular distancez to the electrode:~a! average electric fieldE0(z),
~b! average ion densityni0(z) and electron densityne0(z), and~c!
average ion velocityui0(z), for several discharge pressures. He
lD is the electron Debye length in the plasma andEn

5Te /(elD).
01641
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the ion velocity decreases in magnitude, while the charg
particle densities increase, due to the collisional effects
particular, the electron density is lower than the correspo
ing ion density within the sheath. Therefore, we may exp
that the spatial inhomogeneity of the sheath, as well as
collisional effects, will affect the structure of the wake p
tential of dust particles in the rf sheath.

III. LEVITATING AND CHARGING

We consider now a dust particle with the massmd trapped
in the rf sheath. As it has been seen in the preceding sect
the electric field, the ion density, and the ion velocity with
the rf sheath exhibit spatial and temporal variations. In g
eral, the time scale of the dust particle motion in the sheat
much longer than the rf period. Therefore, we can assum
the following that the particle responds to the time-averag
sheath quantities,E0(z), ni0(z), ne0(z), andui0(z), rather
than to their instantaneous values. Then, the levitating p
tion of the particlezd can be determined by the force balan

mdg5E0~zd!Q~zd!2Fi~zd!, ~7!

whereg is the gravitational acceleration,Q(zd) is the par-
ticle charge at the positionzd , and Fi(zd) is the ion flow
drag force@43#.

The usual approach for determining the dust parti
charge is to assume that the particle is an electrically flo
ing, spherical capacitor with a capacitanceC54p«0a
@20,40#, wherea is its radius. So the equilibrium charge o
the particle can be written as

Q~zd!5CFp~zd!, ~8!

whereFp is the floating potential of the dust, defined relati
to the local plasma potential. The floating potential is det
mined by the balance of the electron and ion currents c
lected by the particle, i.e.,I e1I i50. We use here the well
known orbital motion limited ~OML! theory @20,40# to
express the ion and the electron charging currents, res
tively, as follows:

I i~Fp ,zd!5n0epa2S Te

mi
D 1/2F122

eFp

Te
S uB

ui0~zd! D
2G , ~9!

and

I e~Fp ,zd!52ne0~zd!epa2S 8Te

pme
D 1/2

expS eFp

Te
D . ~10!

The dust particle will acquire an equilibrium floating pote
tial Fp when the net current goes to 0. Here, we should str
that the floating potential is related to the electron dens
ne0(z) and the ion velocityui0(z) in the sheath.

As an example, we consider in this paper a dust part
with radius a53.531024 cm and mass densityrm
51.05 g/cm3. We determine the levitating positionzd and
the equilibrium chargeQ(zd) of the particle from Eqs.~7!–
~10!. Using the plasma parameters given in the preced
section, we show in Fig. 2 the spatial dependence of

n-

,

0-3
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chargeQ(z) within the sheath for several discharge pre
sures. One can see that the levitating positions of the
ticles are almost near the sheath boundary and that the e
librium chargeQ(zd) decreases with increasing dischar
pressure.

IV. WAKE POTENTIAL

The presence of a dust particle in the sheath gives ris
perturbations in the electron density and the ion den
around the particle. In that case, the total scalar potentiaF
in the sheath is determined by the Poisson equation

¹2F~r !524p@eni~r !2ene~r !2Qdd~r2rd!#, ~11!

whererd is the particle equilibrium position, whileni(r ) and
ne(r ) are the total ion density distribution and the total ele
tron density distribution, respectively. Within the framewo
of the hydrodynamics, the ion motion can be described
the continuity equation

“•@ni~r !ui~r !#50, ~12!

and the momentum equation,

ui~r !•“ui~r !52
Zie

mi
“F~r !2nui~r !. ~13!

Here, ui is the ion velocity field andn5pui0/2l i is the
collisional frequency. The electron density is still determin
by the Boltzmann relation, or the equation

“ne~r !5
ene

Te
“F~r !. ~14!

The system of Eqs.~11!–~14! constitute a set of self
consistent nonlinear equations, which can only be solved
merically, in general. As is usually done in the line
dielectric-response theory@22–29#, we linearize the above
equations by assumingni(r )5ni01ni1(r ), ui(r )5ui0ez

FIG. 2. The charges on the dust particle in the sheath vs
perpendicular distancez to the electrode, for several discharge pre
sures. The arrows indicate the levitating positionszd of the dust
particle in the sheath.lD is the electron Debye length in the plasm
01641
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1ui1(r ), ne(r )5ne01ne1(r ), E(r )5E0(z)1E1(r ), and
F(r )5F0(z)1F1(r ), whereni0(z), ui0(z), ne0(z), E0(z),
andF0(z) are the equilibrium quantities determined by t
sheath model of Sec. II, whileni1(r ), ui1(r ), ne1(r ), E1(r ),
and F1(r ) are the perturbed quantities. In comparison w
the perturbed quantities, the spatial variation of the equi
rium quantities is rather slow, so that we resort to a lo
approximation in solving the linearized Eqs.~11!–~14!. In
this approximation, we apply the three-dimensional Four
transform only on the perturbed quantities that exhibit ra
dependence on the spatial coordinatesr , while the slow
variation of the equilibrium quantities allows us to consid
them parametrically dependent on thez coordinate. This en-
ables us to obtain, using simple algebraiac operations,
Fourier transform of the potential in the mixe

form, F̃1(k;z), wherek is the Fourier variable dual tor .
Then, the inverse Fourier transform, F1(r )

5(2p)23*d3k eik"rF̃1(k;z), restores thez dependence as
fast variation superimposed on the slow variation of the eq
librium sheath quantities. In particular, we obtain the p
turbed potential, relative to the equilibrium position of th
dust particlerd , as follows

F1~r !52
Qd

2p2E dk

k2

eik•~r2rd!

«~k,2k•ui0!
, ~15!

where«(k,2k•ui0) is the dielectric function of the plasma

«~k,v!512
vsh

2 ~k22v2/ui0
2 !

k2~v2 iui08 !~v1 in!

2
vsh

2 v2/ui0
2

k2~v2 iui08 !~v1 in2 iui08 !

1
ivsh

2 ni08 v/ni0ui0

k2~v2 iui08 !~v1 in2 iui08 !

1
1

~klsh!
2

1

12 ieE0v/Teui0k2
. ~16!

Here, v52k•ui05kzui0 , ui08 5dui0 /dz, ni08 5dni0 /dz,
whereaslsh5(Te/4pne0e2)1/2 is the electron Debye length
in the sheath, andvsh5(4pni0e2/mi)

1/2 is the ion plasma
frequency in the sheath. Note that, within the local appro
mation, the equilibrium quantities in Eqs.~15! and~16!, ni0 ,
ne0 , E0, and ui0, and the derivativesni08 and ui08 are all
~slow! functions ofz. It is easy to show that, for a homoge
neous background plasma, i.e., whenui08 50, ni08 50, and
E050, Eq. ~16! reduces to the well-known form@22–26#

«~k,v!511
1

~klD!2
2

vpi
2

v~v1 in!
, ~17!

where lD and vpi5(4pn0e2/mi)
1/2 are the Debye length

and the ion plasma frequency, respectively, both in the b
plasma.
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In general, the perturbed potential can be separated
two parts, viz.,

F1~r,z!5
2Qd

urÀrdu
1F ind~r,z!, ~18!

where the first part is the bare Coulomb potential of the d
particle and the second part is the induced potential of
particle. In the cylindrical coordinates,r5(r,z), the induced
potential can be written as

F ind~r,z!5
2Fd

pui0
E

0

kmax dk

k E
2kui0

kui0
dvJ0„~r

2rd!Ak22v2/ui0
2
…P~k,v,z!, ~19!

whereJ0 is the zeroth-order Bessel function and

P~k,v,z!5Re@«21~k,v!21#cos@v~z2zd!/ui0#

2Im@«21~k,v!21#sin@v~z2zd!/ui0#.

~20!

Here, we have replaced the upper limit` in thek integral by
a cutoff constantkmax to avoid the integration divergenc
when k→`. Generally, the characteristic length of th
plasma polarization is about the order of the Debye len
lD , so it is reasonable to choose the constant approxima
askmax51/lD @22–29#. Finally, it should be mentioned tha
after performing the Fourier back-transform, all the equil
rium quantities remain dependent onz.

In Fig. 3, we show the dependence of the perturbed
tential F1 on the dimensionless longitudinal distancez
2zd)/lD for a fixed transversal distancer2rd51.8lD ,
with Fig. 3~a! corresponding to the case of a spatially inh
mogeneous sheath and Fig. 3~b! to the homogeneous cas
The two sets of curves in Figs. 3~a! and 3~b! are shown for
several values of the discharge pressures, selected acco
to the typical experimental conditions@4,5# of plasma crys-
tal. One may notice from both Figs. 3~a! and 3~b! that, as the
discharge pressure increases, the magnitude of the wak
tential decreases significantly due to the increasing role
the ion-neutral collisions. Actually, there are two reasons
the drop of the magnitude of the induced potential. One
that the chargeQd on the dust particle decreases with i
creasing discharge pressure, while the other is that the p
ization of the medium becomes weaker due to the collisio
effect. We mention that, if the discharge pressure is l
enough, for example,p51 Pa, the oscillations in the poten
tial become more pronounced, so that the wake potentia
the homogeneous case becomes very similar to our prev
results @28,29#, where both the collisional effects and th
spatial inhomogeneity were ignored.

When comparing Fig. 3~a! with Fig. 3~b!, we also find
that, for a given discharge pressure, the oscillatory struct
of the wake potential in the inhomogeneous case are ra
different from those in the homogeneous case. Conside
the short distances from the dust particle, the magnitud
the wake potential in the inhomogeneous case appears
significantly reduced compared to the homogeneous c
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More interestingly, for long distances from the dust partic
say, past the first minima in the wake, it appears that
oscillations are practically absent in the inhomogene
case, while they still persist in the homogeneous case.
nally, while the induced potential vanishes at very long d
tances behind the dust particle in the homogeneous case
observe a long tail in the inhomogeneous case. These ten
cies can be seen more clearly in Figs. 4 and 5, which disp
the dependence of the wake potential on both (r2rd)/lD
and (z2zd)/lD in the inhomogeneous and homogeneo
cases, respectively, for three different discharge pressu
The inhomogeneous case is apparently again characte
by a more damped magnitude of the induced potential,
reduced oscillations, and the long tails, when compared w
the homogeneous case, which can be rationalized as follo
Since the electron densityne0(z) in the sheath is smaller tha
the plasma densityn0, see Fig. 1~b!, the electron Debye
length in the sheath will be larger than that in the homo
neous case, whereas it is well known@22–24# that the mag-

FIG. 3. The perturbed potentialF1 of the dust particle as a
function of the longitudinal distance (z2zd)/lD , with the transver-
sal distancer2rd51.8lD , for several discharge pressures:~a! po-
tential in the~inhomogeneous! sheath and~b! potential in the ho-
mogeneous plasma. Here,zd is the levitating position of the dus
particle in the sheath,lD is the electron Debye length in the plasm
andFn5Te /e.
0-5
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nitude of the oscillating wake potential is approximately
versely proportional to the electron Debye length. On
other hand, the increase in the ion velocity in the sheath
results in the increase in the Mach numberM5ui0(z)/uB ,
which can further increase the wavelength of the oscillat
potential, virtually converting the oscillations into long tail
So, we can conclude that the characteristics of the wake
tential in the sheath are strongly influenced by the variati
in the ion oscillating frequency, the electron Debye leng
and the Mach number.

V. SUMMARY

In this paper, we have studied theoretically the inter
tions of a dust particle with the rf plasma sheath going

FIG. 4. The profiles of the perturbed potentialF1 of the dust
particle in the~inhomogeneous! sheath for three discharge pre
sures:~a! p510 Pa,~b! p530 Pa, and~c! p550 Pa. Here,lD is
the electron Debye length in the plasma andFn5Te /e.
01641
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yond the theoretical framework of the homogeneous co
sionless plasma background. A one-dimensional dynam
model of a collisional rf sheath has been developed to de
mine the influence of the discharge pressure on the sp
distributions of some physical quantities in the sheath, s
as the average electric field, the average ion density, the
erage electron density, and the average ion velocity. W
such sheath model, we have further determined the levita
position and the charge of the dust particle in the sheath
has been found that the particle levitates near the sh
boundary and its charge decreases with increasing disch
pressure. Finally, based on the model of the linearized fl
dynamics, we have used the local approximation to evalu
the induced potential of the dust particle in the sheath, wh
exhibits characteristic oscillations of the wake potential. N

FIG. 5. The profiles of the perturbed potentialF1 of the dust
particle in the homogeneous plasma for three discharge press
~a! p510 Pa, ~b! p530 Pa, and~c! p550 Pa. Here,lD is the
electron Debye length in the plasma andFn5Te /e.
0-6



is
ng
ia
th

tifi
u
th

n
i-

at

ics

al

rch

INDUCED POTENTIAL OF A DUST PARTICLE IN A . . . PHYSICAL REVIEW E68, 016410 ~2003!
merical results show that, as the discharge pressure is ra
the collisional effects become increasingly important, givi
rise to a reduction of the magnitude of the wake potent
The results also show that the spatial inhomogeneity of
sheath further dampens the potential and, moreover, rec
the oscillations in the wake for large distances from the d
particle. These surprisingly strong effects give rise to
qualitative properties of the wake model, with possibly im
portant implications for studying the dust crystal formatio
which warrant further investigation. In particular, the prom
nent role of the inhomogeneity of the rf plasma she
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should be studied by extending the linearized fluid dynam
model beyond the local approximation.
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